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Abstract
Let M be a compact locally conformal hyperka¨hler man-
ifold. We prove a version of Kodaira-Nakano vanishing
theorem for M . This is used to show that M admits
no holomorphic differential forms, and the cohomology of
the structure sheaf Hi(OM ) vanishes for i > 1. We also
prove that the first Betti number of M is 1. This leads
to a structure theorem for locally conformally hyperka¨hler
manifolds, describing them in terms of 3-Sasakian geome-
try. Similar results are proven for compact Einstein-Weyl
locally conformal Ka¨hler manifolds.
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1 Introduction
The locally conformal Ka¨hler manifolds and locally conformally hyperka¨hler
manifolds were intensively studied throughout the last 30 years; see [DO]
and [Or] for a survey of known results and further reference. The key notion
in this study is the notion of a Vaisman manifold, also known as generalized
Hopf manifold (Definition 3.7). These manifolds were discovered by I. Vais-
man and studied in a big series of papers in early 1980-es (see [V1], [V2],
and the bibliography in [DO]).
We prove vanishing theorems for locally conformally hyperka¨hler man-
ifolds and locally conformal Ka¨hler Einstein-Weyl manifolds and use these
results to obtain structure theorems. Similar vanishing theorems were ob-
tained in [AI] using estimates on Ricci curvature.
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In physics, the vanishing theorems for locally conformal Ka¨hler manifolds
can be interpreted as conditions for existence of certain string compactifica-
tions ([Str], [IP1], [IP2]).
1.1 Locally conformal hyperka¨hler manifolds, definition and
examples
Let M be a smooth manifold equipped with operators I, J,K ∈ End(TM)
satisfying the quaternion relations
I2 = J2 = K2 = −1, I ◦ J = −J ◦ I = K.
Assume that the operators I, J,K induce integrable complex structures on
M . Then M is called hypercomplex. By a theorem of Obata ([Ob]), a
hypercomplex manifold admits a unique torsion-free connection preserving
I, J,K. If the Obata connection preserves the metric g, (M,g) is called
hyperka¨hler. Hyperka¨hler manifolds were introduced by E. Calabi ([Ca]),
and hypercomplex manifolds, much later, by C.P.Boyer ([Bo]).
A hypercomplex manifold M is called locally conformal hyperka¨hler
(LCHK) if the covering of M is hyperka¨hler, and the monodromy trans-
form preserves the conformal class of a hyperka¨hler metric. For a differently
worded definition, see Subsection 2.2.
The most elementary example of an LCHK manifold is the Hopf mani-
fold, defined as follows. Fix a quaternion number q ∈ H, |q| > 1. Consider
the manifold M˜ = Hn\0, and let M := M˜/Z, where Z acts on M˜ by right
quaternionic dilatations as
(i, z)−→ z · qi, z ∈ Hn, i ∈ Z.
This map is clearly compatible with the hypercomplex structure and the
conformal structure on Hn. Therefore, the manifold M is locally conformal
hyperka¨hler.
More examples of LCHK manifolds are provided by the quaternionic
Ka¨hler geometry (see e.g. [Bes]). We shall not use these examples; the reader
not versed in quaternionic Ka¨hler geometry may skip the next paragraph.
Given a quaternionic Ka¨hler manifold Q with positive scalar curvature
(e.g. the quaternionic projective space HPn) one considers its Swann bundle
U¸(Q), which fibers on Q with a fiber C2\0 if Q is Spin, or C2\0/{±1} if Q
is not Spin ([Sw]). The total space of U¸(Q) is hyperka¨hler, and the natural
dilatation map ρt acts on U¸(Q) preserving the hypercomplex structure, and
multiplies the metric by a number. Take a quotient M := U¸(Q)/ρqi , i ∈ Z,
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where q > 1 is a fixed real number. If Q is compact, thenM is also compact.
By construction, M is locally conformal hyperka¨hler. When Q = HPn,
U¸(Q) = C2n\0, and M = C2n\0/{qn} is the Hopf manifold.
1.2 Vanishing theorems for LCHK manifolds
In this paper we obtain several vanishing results for LCHK (locally confor-
mal hyperka¨hler) manifolds based on the same analytic arguments as the
Kodaira-Nakano vanishing theorem. In particular, we obtain
Theorem 1.1: Let M be a compact LCHK manifold which is not hy-
perka¨hler. Consider M as a complex manifold, with the complex structure
I induced by the hypercomplex structure. Then
(i) M does not admit non-trivial global holomorphic forms
(ii) The cohomology of the structure sheaf of M satisfy H i(OM ) = 0 for
i > 1, dimH1(OM ) = 1.
(iii) The first Betti number of M is 1.
Proof: This is Theorem 9.7, Theorem 8.4, Theorem 9.8.
Using the Dolbeault spectral sequence, it is easy to deduce Theorem 1.1
(iii) from (i) and (ii). Theorem 1.1 (iii) can be proven directly by a simple
geometric argument (see Section 12).
The same results are true for compact Einstein-Weyl locally conformally
Ka¨hler manifolds.
1.3 Geometry of LCHK manifolds
Consider a compact LCHK manifold M . Then M admits a special metric,
discovered by P. Gauduchon (Definition 3.4). The Gauduchon metric is
defined as follows.
Let M˜ be the hyperka¨hler covering of M . Since the deck transform
acs on M˜ preserving the conformal class of the metric, the manifold M is
equipped with the canonical conformal structure [g]. The Obata connection
∇ on a hyperkaehler manifold coincides with the Levi-Civita connection.
Therefore, ∇ preserves the conformal class [g]. We obtain that a parallel
transport along ∇ multiplies a metric g ∈ [g] by a number. Therefore,
∇(g) = g ⊗ θ, where θ is a 1-form, called the Lee form of (M,g).
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A metric g ∈ [g] is called a Gauduchon metric if θ is co-closed. Gaudu-
chon proved that this metric exists and is unique up to a constant multiplier
if we fix the connection and the conformal class (Lemma 3.3).
IfM is an LCHK manifold equipped with a Gauduchon metric, then the
Lee form θ is parallel with respect to the Levi-Civita connection (Theorem 3.6).
The corresponding vector field θ♯ is obviously Killing. Moreover, the flow,
associated with θ♯, is compatible with the hypercomplex structure on M
(Proposition 4.1). If we lift θ♯ to a hyperka¨hler covering M˜ , the correspond-
ing flow multiplies the hyperka¨hler metric by constant. This allows one to
construct the Ka¨hler potential on M˜ explicitly in terms of the Lee form
(Proposition 4.4).
Applying Proposition 4.4 to different induced complex structures, we
find that M˜ is equipped with a hyperka¨hler potential, that is, a function
which serves as a Ka¨hler potential for all induced complex structures.
Hyperka¨hler manifolds admitting hyperka¨hler potential were studied by
A. Swann [Sw]. These manifolds are deeply related to quaternionic Ka¨hler
geometry. Take a 4-dimensional foliation Φ generated by the gradient θ♯
of the hyperka¨hler potential and I(θ♯), J(θ♯),K(θ♯). This foliation is inte-
grable, flat and completely geodesic. The leaf space of Φ is quaternionic
Ka¨hler. This leads to nice structure theorems for hyperka¨hler manifolds
admitting hyperka¨hler potential (see [Sw]).
The LCHK geometry is much more delicate, due to possible global ir-
regularities of the foliation Φ.
LetM be an LCHK manifold equipped with a Gauducon metric, θ is Lee
form, and Φ the 4-dimensional foliation generated by θ♯ , I(θ♯), J(θ♯),K(θ♯).
One can speak of the leaf space of Φ if every point x ∈M has a neighbour-
hood U ⊂ M such that every leaf of Φ meets U in finitely many connected
components. In this case the foliation Φ and the manifold M is called
quasiregular. The leaf space Y of a quasiregular foliation is an orbifold.
Theorem 1.1 (iii) (the equality h1(M) = 1) is proven for quasiregular
LCHK manifolds ([OP]).
Given a compact quasiregular LCHK manifold, the leaf space Q of Φ is
a quaternionic Ka¨hler orbifold, and M is fibered over Q with fibers which
are isomorpic to Hopf surfaces ([Or], [OP]).
In this paper we give a similar structure theorem for LCHK manifolds
with no quasiregularity assumption.
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1.4 3-Sasakian geometry and structure theorem for LCHK
manifolds
It is more convenient to speak of 3-Sasakian manifolds than of quater-
nionic Ka¨hler orbifolds. A 3-Sasakian manifold is locally a bundle over
a quaternionic Ka¨hler orbifold, with a fiber isomorphic to SU(2)/Γ, where
Γ ⊂ SU(2) is a finite group.
One defines 3-Sasakian manifolds as follows.
Given a Riemannian manifold (X, g), the cone C(X) of X is defined as
a Riemannian manifold X × R>0 with the metric t2g + dt2, where t is the
parameter in R>0.
A 3-Sasakian structure on X is a hyperka¨hler structure on C(X),
defined in such a way the map (x, t) −→ x, qt is holomorphic, for all q ∈ R>0.
3-Sasakian manifolds were discovered in late 1960-ies (see [U] and [K]), and
studied extensively in mid-1990-ies by Boyer, Galicki and Mann ([BGM]);
see the excellent survey [BG1].
The 3-Sasakian (and, more generally, Einstein-Sasakian) manifolds can
also be obtained as circle bundles over Einstein Fano orbifolds. This gives a
way to construct extensive lists of examples of Einstein-Sasakian manifolds
(see e.g. [BG2] [BGN2]).
Given a compact LCHK manifold M , its universal covering M˜ is hy-
perka¨hler. Using the explicit description of the hyperka¨hler metric in terms
of the Gauduchon metric (Proposition 4.4), we find that M˜ is a cone mani-
fold: M˜ = C(X), where X is 3-Sasakian (Proposition 11.1).
Fix q ∈ R>1. Consider the equivalence relation on C(X) generated by
(x, t) ∼ (x, qt). The quotient C(X)/ ∼q is clearly an LCHK manifold.
The structure theorem Theorem 11.6 describes any compact LCHKman-
ifold in terms of 3-Sasakian manifolds, as follows. We show that M ∼=
C(X)/ ∼ϕ,q, where q ∈ R>1, ϕ : X −→X is a 3-Sasakian isometry, and
∼ϕ,q an equivalence relation on C(X) generated by (x, t) ∼ (ϕ(x), qt).
1.5 Subvarieties of Vaisman manifolds
We also obtain the following application.
Proposition 1.2: Let M be a compact Vaisman manifold, and X ⊂M
a closed complex subvariety. Then X is tangent to the canonical foliation
Ξ in all its smooth points. In particular, if X is smooth, then X is also a
Vaisman manifold.
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Proof: See Proposition 6.5.
For smooth manifolds, Proposition 1.2 is proven by K. Tsukada, see
[Ts2].
2 Locally conformal hyperka¨hler manifolds
In this Section we give the definitions and site some results related to Weyl
geometry and locally conformal hyperka¨hler manifolds. We follow [Or].
2.1 Weyl structures
For an introduction to Weyl geometry and further reference on the subject
see e.g. [CP].
Definition 2.1: Let (M,g) be a Riemannian manifold, and ∇ a torsion-
free connection on M . Assume that ∇ preserves the conformal class of g,
that is,
∇g = g ⊗ θ ∈ S2T ∗M ⊗ T ∗M, (2.1)
where θ is a 1-form. Then (M,g,∇, θ) is called a Weyl manifold. If dθ = 0,
M is called a closed Weyl manifold. The form θ is called the Lee form,
or the Higgs field of M . A torsion-free connection which satisfies (2.1) is
called Weyl connection.
Remark 2.2: Let M be a Riemannian manifold equipped with a Levi-
Civita connection. Then M is a Weyl manifold, with trivial θ.
Given a Weyl manifold (M,g,∇, θ) and a function ζ : M −→ R, we
observe that
(M,eζg,∇, θ + dζ)
is also a Weyl manifold. Indeed,
∇(eζg) = eζ∇(g) + eζg ⊗ dζ = eζg ⊗ (θ + dζ).
Definition 2.3: In the above assumptions, the Weyl manifolds
(M,g,∇, θ) and (M,eζg,∇, θ + dζ)
are called globally conformal equivalent.
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Let (M,g,∇, θ) be a Weyl manifold, and LR a trivial 1-dimensional real
bundle on M . Denote the trivial connection on L by ∇tr. Consider a
connection L∇ := ∇tr− θ2 on L. If (M,g,∇, θ) is closed, the bundle (L, L∇)
is flat, because (L∇)2 = dθ = 0. Denote by L the complexification of LR,
with the induced connection.
Definition 2.4: The bundle (L, L∇) is called the weight bundle of a
Weyl manifold M . The weight bundle is equipped with a trivialization λ.
Claim 2.5: Let (M,g,∇, θ) and (M,g′,∇, θ′) be conformal equivalent
closed Weyl manifolds, and L,L′ the corresponding weight bundles. Then
L,L′ are isomorphic as flat bundles.
Proof: Write g′ = eζg, θ′ = θ + dζ. Let λ, λ′ be the sections of L, L′
inducing the standard trivialization. Then eζλ satisfies
L∇(eζλ) = θ + dζ(eζλ) = θ′ + L∇(eζλ).
Remark 2.6: Using the trivialization of L, we may consider g as a 2-
form onM with values in L⊗2. Then g is a parallel section of S2T ∗M⊗L⊗2.
Remark 2.7: Let n = dimRM . Denote by P¸ the principal GL(n)-
bundle P¸ associated with TM . Clearly, L is a line bundle associated with
the representation (detT ∗M)−
1
n of P¸.
Let (M,g,∇, θ) be a closed Weyl manifold, and L its weight bundle. The
natural connection L∇ in L is flat because M is closed. Consider a covering
(M˜ , g˜, ∇˜, θ˜) of M , such that the lift L˜ of L to M˜ has trivial monodromy.
Let ζ0 be a
L∇-parallel section of L˜, ζ0 6= 0, and λ the trivialization defined
on L as on a weight bundle. The quotient ζ := ζ0
λ
satisfies
dζ =
∇tr(ζ0)
λ
=
θ
2
because ∇tr − L∇ = θ2 . Therefore, the manifolds (M,g,∇, θ) and
(M,e2ζg,∇, 0) are conformally equivalent. We obtain the following claim.
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Claim 2.8: Let (M,g,∇, θ) be a closed Weyl manifold, and (L, L∇)
its weight bundle. Assume that the monodromy of L is trivial. Then
(M,g,∇, θ) is conformal equivalent to a Riemannian manifold equipped with
a Levi-Civita connection. Conversely, if (M,g,∇, θ) is conformal equivalent
to a Riemannian manifold, then its weight bundle L has trivial monodromy.
2.2 Locally conformal hyperka¨hler (LCHK) manifolds: the
definition
Definition 2.9: Let M be a hypercomplex manifold, and ∇ the Obata
connection on M (see Subsection 1.1). Assume that M admits a quater-
nionic Hermitian metric g and a closed form θ, such that (M,g,∇, θ) is a
closed Weyl manifold. Then M is called locally conformal hyperka¨hler
manifold, or LCHK manifold.
Let M be an LCHK manifold, L the corresponding weight bundle, and
(M˜ , g˜, ∇˜) the covering associated with the monodromy representation of
L. In Claim 2.8 we constructed a Riemannian metric g′ = e2ζ g˜ which is
preserved by ∇˜. Then ∇˜ is the Levi-Civita connection for (M˜ , g′). On the
other hand, ∇˜ preserves the quaternion action. As we have mentioned in
the Introduction (Subsection 1.1), this implies that, the manifold (M˜ , g′) is
hyperka¨hler. We obtain
Claim 2.10: Let M be an LCHK (locally conformal hyperka¨hler) man-
ifold, L its weight bundle, and M˜ the covering of M associated with its
monodromy. Then M˜ is equipped with a hyperka¨hler metrics, which is
determined uniquely up to a constant multiplier.
The converse statement is also true.
Proposition 2.11: Let M be a hypercomplex manifold, and M˜ its
universal covering. Assume that M˜ is equipped with a hyperka¨hler metric
g′ in such a way that for any γ ∈ pi1(M) the corresponding deck transform
kγ : M˜ −→ M˜ multiplies g′ by a scalar c(γ) ∈ R>0. Then M admits a
LCHK metric, which is determined uniquely up to conformal equivalence.
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Proof: The map γ −→ c(γ) defines a 1-dimensional representation c :
pi1(M)−→ R>0. Let L be the corresponding flat bundle on M . Since R>0
is contractible, L is topologically trivial. Pick a nowhere degenerate sec-
tion λ of L. The hyperka¨hler metrics g˜ on M˜ can be considered as a map
S2T ∗M −→ L⊗2. Using λ2 as a trivialization of L⊗2, we obtain a hypercom-
plex Hermitian metrics gλ on M . Clearly,
∇gλ = ∇(λ2g˜) = λ2g˜ ⊗∇(λ2) = gλ ⊗ (−2θL),
where θL is the connection form of L associated with the trivialization λ.
Therefore, (M,gλ,∇,−2θL) is an LCHK manifold.
Remark 2.12: Proposition 2.11 gives a nice interpretation of LCHK
geometry, which is much more clear than the usual approach. We shall
sometimes implicitly use Proposition 2.11 instead of the definition.
3 Vaisman manifolds
In this Section we present some introductory material in locally conformal
Ka¨hler geometry. For more details and a bibliography the reader is referred
to [DO].
Definition 3.1: Let M be a complex manifold equipped with a Hermi-
tian metric ω and a closed Weyl connection ∇,
∇(ω) = ω ⊗ θ, θ ∈ Λ1(M).
Assume that ∇ preserves the complex structure operator: ∇(I) = 0. Then
M is called locally conformal Ka¨hler (LCK) manifold, and θ is called
the Lee form of M .
Remark 3.2: Given an LCHK (locally conformal hyperka¨hler) manifold
M , we obtain an LCK structure (M,J) for every quaternion J, J2 = −1.
The basic working tool of locally conformal Ka¨hler geometry is the fol-
lowing lemma of P. Gauduchon ([G1]).
Lemma 3.3: [G1] Let M be a compact, oriented conformal manifold,
dimRM > 2. For any Weyl connection preserving the conformal structure,
there exists a metric g0 in this conformal class, such that the corresponding
10
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Lee form θ is co-closed with respect to g0. This metric is unique up to a
constant multiplier.
Definition 3.4: Let M be a conformal manifold equipped with a Weyl
connection preserving the conformal structure [g], and g0 the metric in the
conformal class [g], such that the corresponding Lee form θ is co-closed.
Then g0 is called a Gauduchon metric.
Remark 3.5: If (M,g,∇, θ) is a closed Weyl manifold, and g is a Gaudu-
chon metric, then θ is harmonic.
For compact LCHK manifolds, the Gauduchon metric has parallel Lee
form, in the following sense.
Theorem 3.6: [PPS] Let M be an LCHK manifold equipped with a
Gauduchon metric g, and θ its Lee form. Then ∇g(θ) = 0, where ∇g is the
Levi-Civita connection associated with g.
Definition 3.7: Let (M,g,∇, θ) be an LCK manifold, and ∇g its Levi-
Civita connection. We say that M is an LCK manifold with parallel
Lee form, or Vaisman manifold, if ∇g(θ) = 0. If θ 6= 0, then after
rescaling, we may always assume that |θ| = 1. Unless otherwise stated, we
shall assume implicitly that |θ| = 1 for all Vaisman manifolds we consider.
Vaisman manifolds were introduced by I. Vaisman under the name “gen-
eralized Hopf manifolds” in a big series of papers (see e.g. [V1], [V2]) and
studied extensively since then.
Remark 3.8: If ∇gθ = 0, then θ is harmonic with respect to g. There-
fore, the metric g is automatically a Gauduchon metric.
Example 3.9: Fix a quaternion q ∈ H, |q| > 1. Let M := Hn\0/ ∼q,
where ∼q is an equivalence relation generated by z ∼q qz. This manifold is
called a Hopf manifold. Since the multiplication by q preserves the flat
connection ∇fl, this connection can be obtained as a pullback of a connection
∇ on M . Since ∇fl preserves the conformal class of a flat metric, (M,∇)
is a Weyl manifold. On the other hand, M is by construction a hyper-
complex manifold, and its covering a hyperka¨hler one. By Proposition 2.11
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this implies that M is an LCHK (locally conformal hyperka¨hler) manifold.
Topologically, we have M = S4n−1 × S1. The Gauduchon metric is the
standard metric on S4n−1×S1, and the form θ is the coordinate form lifted
from S1. Therefore, θ is parallel.
For other examples of Vaisman manifolds, see e.g. [GO], [Bel], [KO].
4 Ka¨hler potential on Vaisman manifolds
We construct a Ka¨hler potential on a Vaisman manifold with exact Lee form
(see [V2]).
Proposition 4.1: Let M be an LCK manifold with parallel Lee form
θ, and θ♯ the vector field dual to θ. Consider a diffeomorphism flow ψt
associated with θ♯. Then ψt acts on M preserving the LCK structure.
Proof: For a more detailed proof see e.g. [DO].
Since θ is parallel, θ♯ is a parallel vector field. Therefore, θ♯ is Killing,
and ψt acts on M by isometries.
On the other hand, ψt is a geodesic flow along θ
♯, therefore its differential
dψt : TxX −→ Tψt(x)X is equal to the parallel transport along the geodesics
associated with θ♯. Since the holonomy of ∇g is contained in U(n) · R ⊂
GL(n,C), we obtain that dψt is C-linear. Therefore, ψt is holomorphic. We
find that ψt preserves the complex and the Hermitian structure on M . The
Weyl connection ∇ can be written explicitly in terms of the Levi-Civita
connection and the Lee form (see e.g. [Or], Definition 1.1)
∇ = ∇g − 1
2
(θ ⊗ Id+ Id⊗ θ − g ⊗ θ♯), (4.1)
where ∇g is the Levi-Civita connection on M . Since ψt preserves θ, g and
∇g, we obtain that ψt preserves ∇. Proposition 4.1 is proven.
The Lee form θ is by definition closed. Passing to a covering if necessary,
we may assume that it is exact: θ = dt. Write r = e−t. In the Example 3.9,
r is the radius function. In this case, r is obviously a Ka¨hler potential of M .
Definition 4.2: LetM be an LCK manifold with exact Lee form θ = dt.
The function r := e−t is called the potential of M . Clearly, r is defined
uniquely, up to a positive constant multiplier.
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Claim 4.3: Let (M,g,∇) be an LCK manifold with exact Lee form θ,
r its potential and ω ∈ Λ1,1(M) the Hermitian form of (M,g). Then rω is
a Ka¨hler form.
Proof: Clearly,
d(rω) = −θ ∧ rω + r · dω = −θ ∧ rω + rθ ∧ ω = 0
On the other hand, rω is positive definite, because r is a positive function.
A closed positive definite (1, 1)-form is Ka¨hler.
Proposition 4.4: Let M be an LCK manifold with parallel Lee form θ.
Assume that θ is exact, and let r be the corresponding potential function.
Then r is the Ka¨hler potential for the Ka¨hler form rω.
Proof: Let Lieθ♯ be the operator of Lie derivative along the vector field
θ♯ dual to θ. Then Lieθ♯ ω = 0 by Proposition 4.1. Similarly,
Lieθ♯ r = dr y θ
♯ = −rθ y θ♯ = −r.
Therefore, Lieθ♯(rω) = −rω. On the other hand, rω is closed: d(rω) = 0.
We obtain
rω = −Lieθ♯(rω) = d(rω y θ♯).
Let dc = −I ◦ d ◦ I be the twisted de Rham differential. The function r is
a Ka¨hler potential for the form rω if rω = ddcr. As we have seen above,
rω = d(rω y θ♯). Therefore, rω = ddcr is implied by
rω y θ♯ = dcr. (4.2)
To prove (4.2), notice that ω y θ♯ = I(θ), and dr = rθ. Therefore,
rω y θ♯ = rI(θ) = I(dr) = dcr. (4.3)
This proves (4.2). Proposition 4.4 is proven.
5 Einstein-Weyl LCK manifolds
In the Section we relate the definition and basic results on the geometry of
Einstein-Weyl LCK manifolds. We follow [Or].
13
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Definition 5.1: Let M be a Weyl manifold, [g] its conformal class,
∇ its Weyl connection and R the Ricci curvature of ∇, R = TrjlΘlijk,
where Θ ∈ Λ2(M) ⊗ Λ1(M) ⊗ TM is the curvature of ∇. Assume that the
symmetric part of R is proportional to [g]. Then M is called an Einstein-
Weyl manifold.
The following important result was proven by P. Gauduchon.
Theorem 5.2: [G2] Let M be a compact Einstein-Weyl manifold with
closed Lee form, and g the Gauduchon metric onM (Definition 3.4). Denote
by θ the corresponding Lee form. Assume that θ is not exact. Then
(i) θ is parallel with respect to the Levi-Civita connection associated with
g.
(ii) The Ricci curvature of the Weyl connection ∇ vanishes.
Remark 5.3: By Theorem 5.2 (i), any Einstein-Weyl LCK manifold is
also a Vaisman manifold.
The following claim is quite obvious from the definitions.
Claim 5.4: Let M be an LCK manifold equipped with a Gauduchon
metric, and L the corresponding weight bundle, equipped with a canonical
flat connection. Assume that L has trivial monodromy, that is, the form θ
is exact: θ = d(ζ). Let e−ζω be the corresponding Ka¨hler form associated
with ζ as in Claim 2.8. Then the following conditions are equivalent
(i) The manifold M is Einstein-Weyl
(ii) The Ka¨hler metric e−ζω is Calabi-Yau, that is, the corresponding Levi-
Civita connection is Ricci-flat.
Proof: Let ∇ be the Weyl connection onM . Since ∇ is torsion free and
∇ preserves e−ζω, ∇ is the Levi-Civita connection associated with e−ζω.
The metric e−ζω is Calabi-Yau if and only if ∇ is Ricci-flat.
Corollary 5.5: LetM be a locally conformal hyperka¨hler (LCHK) man-
ifold. Then M is Einstein-Weyl.
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Proof: By Claim 2.10, the universal covering M˜ is hyperka¨hler. There-
fore, M˜ is Calabi-Yau. Now Claim 5.4 implies that M is Einstein-Weyl.
Further on, we shall need the following proposition.
Proposition 5.6: Let M be an Einstein-Weyl LCK manifold, and L its
weight bundle. Then Ln = K−1, where K is the canonical bundle of M and
n = dimCM .
Proof: Let M˜ be a universal covering of M . By Claim 5.4, M˜ is
equipped with a Ricci-flat Ka¨hler metric. Therefore, the holonomy Hol(M˜ )
is contained in SU(n). Since the monodromy of M preserves the conformal
class of the metric, we have Hol(M) ⊂ SU(n) ·R>0, where R>0 denotes the
group of positive real numbers. By definition, the weight bundle corresponds
to a representation detR(TM)
1
2n , n = dimCM (see Remark 2.7). Therefore,
the monodromy group of L coincides with the quotient Hol(M)/Hol (M˜ ) of
full holonomy by the local holonomy. Let α be a non-zero element of the
monodromy group G of L, G = Hol(M)/Hol (M˜ ) ⊂ R>0. Then α acts on
L as (α, l) −→ αl, α ∈ R>0, l ∈ L.
The action of Hol(M) on K(M) factors through
G = Hol(M)/Hol (M˜ ),
because Hol(M˜ ) ⊂ SU(n). The quotient
Hol(M)/Hol (M˜ ) ⊂ R>0
acts on K(M) = det(Λ1,0(M)) as
(α, η) −→ α−nη, α ∈ R>0, η ∈ det(Λ1,0(M)).
This relates the monodromy of K(M) and the action of holonomy. The
bundles Ln, K−1 are flat, and their monodromy is equal. Therefore, these
bundles are isomorphic.
6 The form ω0 on Vaisman manifolds
In this Section we present some basic results and calculations on the geom-
etry of Vaisman manifolds.
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6.1 The form ω0: definition and eigenvalues
Let M be an LCK manfold. Consider the form
ω0 := d
cθ
on M . We have dc = ∂−∂√−1 Therefore,
ω0 =
∂ − ∂√−1 θ.
Write the Hodge decomposition of θ as θ = θ1,0+ θ0,1. Since θ is closed, we
have
∂θ1,0 = ∂θ0,1 = 0, ∂θ0,1 = −∂θ1,0.
This implies
ω0 = −2
√−1 ∂θ0,1 (6.1)
Proposition 6.1: Let M be a Vaisman manifold, that is, an LCK man-
fold with parallel Lee form θ. Consider the form ω0 := d
cθ. Chose an
orthonormal basis
ξ1, ..., ξn−1,
√
2 · θ1,0
in T 1,0M , where θ1,0 is the (0, 1)-part of θ,1 and let
ω =
√−1 (ξ1 ∧ ξ1 + ξ2 ∧ ξ2 + ...+ ξn−1 ∧ ξn−1 + 2θ1,0 ∧ θ0,1)
be the Hermitian form on M . Then
ω0 =
√−1 (ξ1 ∧ ξ1 + ξ2 ∧ ξ2 + ...+ ξn−1 ∧ ξn−1). (6.2)
In particular, all eigenvalues of ω0 are positive except the one corresponding
to θ, which is equal zero.
Proof: Passing to a covering, we can always assume that θ is exact. Let
r be the potential of M . By (4.3), we have
dc(rθ) = rω. (6.3)
On the other hand,
dc(rθ) = rdcθ + dcr ∧ θ = rdcθ + rI(θ) ∧ θ. (6.4)
1Since |θ| = 1, we have |θ1,0| = 1√
2
.
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Comparing (6.3) and (6.4), we find ω = dcθ + θ ∧ I(θ), and
ω0 = ω − 2
√−1 θ1,0 ∧ θ0,1. (6.5)
This proves Proposition 6.1.
The following claim is obvious.
Claim 6.2: The form ω0 is exact.
Proof: By definition, we have
ω0 = −Id(I(θ)). (6.6)
On the other hand, ω0 is a (1,1)-form, hence I(ω0) = ω0. Comparing this
with (6.6), we find
ω0 = −d(I(θ)).
6.2 The form ω0 and the canonical foliation
Let M be a Vaisman manifold, that is, an LCK manifold with a parallel
Lee form θ. Consider a 2-dimensional real foliation Ξ ⊂ TM generated by
θ♯, I(θ♯). The vector field θ♯ is holomorphic (Proposition 4.1). Therefore, Ξ
is integrable and holomorphic.
Definition 6.3: The foliation Ξ is called the canonical foliation of a
Vaisman manifold M .
The canonical foliation is related to the form ω0 in the following way.
Proposition 6.4: LetM be a Vaisman manifold, Ξ the foliation defined
above and ω0 = d
cθ the standard (1, 1)-form. Assume that the space of
leaves of Ξ is well defined, and let f : M −→ Y the the corresponding
quotient map. Then Y is equipped with a natural Ka¨hler form ωY , in such
a way that f∗ωY = ω0.
Proof: To check that ω0 = f
∗ωY for some 2-form ωY , we need to show
that
ω0 y θ
♯ = ω0 y I(θ
♯) = 0 (6.7)
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and
Lieθ♯ ω0 = LieI(θ♯) ω0 = 0. (6.8)
The equation (6.7) follows immediately from Proposition 6.1. Using the
Cartan formula for the the Lie derivative and (6.7), we obtain
Lieθ♯ ω0 = (dω0) y θ
♯ = 0
and
LieI(θ♯) ω0 = (dω0) y I(θ
♯) = 0.
This implies that ω0 = f
∗ωY for some 2-form ωY on Y . Since ω0 has
dimC Y = n−1 positive eigenvalues, the form ωY is positive definite. There-
fore, ωY is a Ka¨hler form on Y .
The form ω0 is exact (Claim 6.2). The following proposition immediately
follows from this observation.
Proposition 6.5: Let M be a compact Vaisman manifold, and X ⊂M
a closed complex subvariety. Then X is tangent to the canonical foliation
Ξ in all its smooth points. In particular, if X is smooth, then X is also a
Vaisman manifold.
Proof: The form ω0 is positive in the sense of distribution theory; that
is, ω0 is a real (1, 1)-form with non-negative eigenvalues. It is well known
that ∫
X
ωk0 > 0 (6.9)
for all complex subvarieties X ⊂M , dimCX = k, and all positive forms ω0.
Moreover, the integral (6.9) vanishes only if X is tangent to the null-space
foliation of ω0.
Since ω0 is exact, the integral (6.9) vanishes. Therefore, X is tangent to
the null-space foliation of ω0. As we have seen above, the null-space of ω0
is Ξ. This implies X is tangent to the canonical foliation.
If X is smooth, it is clearly an LCK manifold. To prove that X is
a Vaisman submanifold, we use the following theorem of Kamishima and
Ornea ([KO]).
Theorem 6.6: [KO] Let X be a compact LCK manifold admitting a
conformal holomorphic flow which is not conformal equivalent to isometry.
Then X is a Vaisman manifold.
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Consider the holomorphic flow ψt associated with the Lee field on M
(Proposition 4.1). Since X is tangent to Ξ, ψt preserves X. It is triv-
ial to check that ψt is not conformal equivalent to isometry. Applying
Theorem 6.6, we find that X is Vaisman. Proposition 6.5 is proven.
For smooth manifolds, Proposition 6.5 is proven by K. Tsukada, see
[Ts2].
6.3 Curvature of a weight bundle
Let M be an LCK manifold and L its weight bundle. By construction, L is
a complex vector bundle equipped with a flat connection L∇ and a nowhere
degenerate section λ, such that
L∇(λ) = λ⊗
(
−1
2
θ
)
.
A (0, 1)-part of L∇ gives a holomorphic structure on L. Throughout this
Subsection, we shall consider L as a holomorphic bundle. Consider a Her-
mitian structure gL on L, defined in such a way that |λ|gL = 1.
Theorem 6.7: Let M be an LCK manifold, and L the corresponding
weight bundle equipped with a holomorphic and a Hermitian structure as
above. Let C∇ be the standard Hermitian connection on L (so-called Chern
connection), and C its curvature. Then C = −2√−1 ω0, where ω0 = dcθ is
the standard 2-form on M .
Proof: By definition of the Chern connection, we have
C∇0,1(λ) = L∇0,1(λ) = λ⊗
(
−1
2
θ0,1
)
, and
(C∇1,0(λ), λ)H = −(λ,C∇0,1(λ))H ,
(6.10)
where (·, ·)H is the Hermitian form on L. From (6.10), we obtain
C∇ = ∇tr + θ
0,1 − θ1,0
2
, (6.11)
where ∇tr is the trivial connection on L fixing λ. From (6.11), we obtain
C =
∂θ0,1 − ∂θ0,1
2
. (6.12)
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On the other hand, θ is closed, and therefore ∂θ0,1 = −∂θ0,1. Comparing
this with (6.12), we obtain
C = ∂θ0,1 = −2√−1 ω0.
(the last equation holds by (6.1)). We proved Theorem 6.7.
7 Ka¨hler geometry of the form ω0
The form ω0 behaves, in many ways, as a surrogate Ka¨hler form on M . In
this Section we prove the ω0-version of the Kodaira relations and apply it
to obtain the standard identities for Laplace operators with coefficients in a
bundle. This leads to Kodaira-Nakano-type vanishing theorems.
7.1 The SL(2)-triple L0,Λ0, H0
In this Subsection, we study the Lefschetz-type SL(2)-action associated with
ω0. Let M be a Vaisman manifold and ω0 the standard 2-form (Section 6).
Denote by L0 the operator η −→ η ∧ ω0, and by Λ0 the Hermitian adjoint
operator. Using the coordinate expression of ω0 given in Proposition 6.1,
we find that L0, Λ0, H0 := [L0,Λ0] form an SL(2)-triple (exactly the same
argument is used in the proof of Lefschetz theorem via the SL(2)-action on
cohomology, see [GH]).
Locally, the operator H0 can be expressed as follows. Let
ξ1, ξ2, ..., ξn−1,
√
2θ1,0, ξ1, ξ2, ..., ξn−1,
√
2θ0,1 ∈ Λ1(M)
be an orthonormal frame in the bundle of forms (Proposition 6.1). Consider
a monomial
λ = ξi1 ∧ ξi2 ∧ ... ∧ ξik ∧ ξik+1 ∧ ξik+2 ∧ ... ∧ ξp ∧R (7.1)
where R is a monomial of θ0,1, θ1,0. Then
H0(λ) = (p− n+ 1)λ. (7.2)
where p is the number of ξil , ξik in λ and n = dimCM .
The equation (7.2) is proved in the same way as the explicit form of the
operator H in Hodge theory ([GH]).
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7.2 Kodaira identities for the differential ∂0
Let M be a Vaisman manifold (an LCK manifold with a parallel Lee form).
Consider the ω0-Lefschetz triple L0, Λ0, H0 acting on Λ
∗(M) as above, and
let
Λ∗(M) =
⊕
i
Λ∗i (M)
be the weight decomposition associated with H0, in such a way that the
monomial (7.1) has weight p. Clearly,
Λp(M) = Λpp−2(M)⊕ Λpp−1(M)⊕ Λpp(M). (7.3)
Denote by d0 the weight 1 component of the de Rham differential:
d0 : Λ
p
i (M)−→ Λp+1i+1 (M). (7.4)
Remark 7.1: By (6.5), we have d(ω0) = ω0 ∧ θ. Therefore, d0(ω0) = 0.
Similarly, one can check by elementary computations that d0θ = 0 and
d0(I(θ)) = 0.
Remark 7.2: The differential d0 satisfies the Leibniz rule.
The (1, 0)-part and (0, 1)-part of d0 are denoted by ∂0, ∂0 as usual.
Definition 7.3: The operator d0 is called the ω0-de Rham differen-
tial, the operators ∂0, ∂0 the ω0-Dolbeault operators.
Theorem 7.4: (Kodaira identities for ∂0, ∂0). Let M be a Vaisman
manifold, and ∂0, ∂0, L0, Λ0 the operators defined above. Then
[Λ0, ∂0] =
√−1 ∂∗0, [L0, ∂0] = −
√−1 ∂∗0 ,
[Λ0, ∂
∗
0] = −
√−1 ∂0, [L0, ∂∗0 ] =
√−1 ∂0,
(7.5)
where ∂∗0 , ∂
∗
0 are the Hermitian adjoint operators to ∂0, ∂0.
Proof: Further on, we shall prove
[L0, d
∗
0] = −I ◦ d0 ◦ I. (7.6)
Taking the (0, 1) and (1, 0)-parts of (7.6), we obtain the bottom line of (7.5).
Taking Hermitian adjoint, we obtain the top line of (7.5). Therefore, (7.6)
implies the Kodaira relations for ∂0.
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We prove (7.6) in an algebraic fashion similar to the proof of Kodaira
relations in HKT geometry ([Ve]). Consider L0, d0, etc. as operators on
the algebra of differential forms. A. Grothendieck gave a general recursive
definition of differential operators on an algebra (see, e.g., [Ve]).1 Then
L0 is a 0-th order algebraic differential operator, and d
∗
0 a second order
algebraic differential operator on Λ∗(M) (this is straightforward; see the
full argument in [Ve]). Therefore, the commutator [L0, d
∗
0] is a first order
algebraic differential operator. Since −I ◦ d0 ◦ I satisfies the Leibniz rule,
it is also a first order algebraic differential operator. A first order algebraic
differential operator D satisfies
D(ax) = (−1)degD deg aaD(x) +D(a)x−D(1)ax. (7.7)
This is clear from the definition; see, again, [Ve]. From (7.7), we obtain that
the first order algebraic differential operator is determined by the values
taken on any set of generators of the algebra. Since both sides of (7.6) are
first order algebraic differential operators, it suffices to check that they are
equal on some subspace V ⊂ Λ∗(M) which generates the algebra Λ∗(M).
On 0-forms, (7.6) is clear:
d∗0(fω0) = ω0 y (d0f)
♯ = −I(d0f)
where v♯, as usually, denotes the vector field associated with a form v.
We are going to construct a subspace V ⊂ Λ1(M) generating Λ1(M)
over C∞(M) such that the operators on both sides of equation (7.6) are
equal on V . As we have mentioned above, this is sufficient for the proof of
Theorem 7.4.
The statement of Theorem 7.4 is local. Passing to an open neighbour-
hood if necessary, we may assume that the space Y of leaves of Ξ is well de-
fined. Let f : M −→ Y be the corresponding quotient map. By Proposition 6.4,
the manifold Y is equipped with a natural Ka¨hler form ωY , in such a way
that f∗ωY = ω0. Let dY be the de Rham operator on Y , and d∗Y its Her-
mitian adjoint. Denote by LY the Hodge operator on Y , LY (η) = η ∧ ωY .
Since Y is Ka¨hler, the usual Kodaira identity holds:
[LY , d
∗
Y ] = −I ◦ dY ◦ I, (7.8)
1An n-th order differential operator on an algebra Λ∗(M) can have any order from
0 to n as a differential operator in the usual sense. To avoid confusion, we shall write
“algebraic differential operator” speaking of differential operators, on the algebra Λ∗(M),
in the sense of Grothendieck.
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Lifting (7.8) to M , we obtain that (7.6) holds on all forms η = f∗ηY which
are obtained as a pullback.
Let us check (7.6) on the 2-dimensional space 〈θ, I(θ)〉 ⊂ Λ1(M) gen-
erated by θ and I(θ). We have −I ◦ d0 ◦ I(Iθ) = 0 because θ is d0-closed
(Remark 7.1). The same argument proves
d∗0(ω
k ∧ I(θ)) = ∗d0(ωn−k ∧ θ) = 0
because d0(θ) = d0(ω) = 0 (see Remark 7.1). Therefore, the operators
[L0, d
∗
0] and −I ◦ d0 ◦ I vanish on I(θ).
Similarly, we have −I ◦ d0 ◦ I(θ) = ω0, and [L0, d∗0](θ) = 0.
We have shown that the operators [L0, d
∗
0] and −I ◦ d0 ◦ I are equal on
the space V ⊂ Λ1(M) generated by θ, I(θ) and the pullbacks of differential
forms from Y . Clearly, C∞(M) · V = Λ1(M). Therefore, the first order
algebraic differential operators [L0, d
∗
0] and −I ◦ d0 ◦ I are equal on a set of
generators of Λ∗(M). This proves (7.6). Theorem 7.4 is proven.
A similar argument proves the following
Claim 7.5: LetM be a Vaisman manifold, and d0, ∂0, ∂0 the differential
operators defined above. Then
d20 = ∂
2
0 = ∂
2
0 = 0.
Proof: Since ∂20 and ∂
2
0 are (2, 0) and (0, 2)-parts of d
2
0, it suffices to
show that d20 = 0. We use the same algebraic argument as in the proof
of Theorem 7.4. The anticommutator d20 = {d0, d0} is a first order algebraic
differential operator, because it is a supercommutator of two first order al-
gebraic differential operators. Therefore, it suffices to prove that d20 = 0 on
some set of generators of Λ∗(M).
All 1-forms have weight 6 1 with respect to the decomposition (7.3).
Therefore, the restriction d
∣∣∣
Λ0(M)
has components of weight 0 and 1 only
(no weight 2 component). Therefore, the weight 2 component of d2
∣∣∣
Λ0(M)
is
equal to d20. Since d
2 = 0, we have
d20
∣∣∣
Λ0(M)
= 0.
Passing to a local neighbourhood, we may always assume that the space Y
of leaves of Ξ is well defined. Clearly, d0 = d on all forms lifted from Y .
Therefore, d20 = d
2 = 0 on such forms.
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Finally, d0 = 0 on the space generated by θ, I(θ). Hence d
2
0 = 0 on this
space. We obtain that d20 = 0 on a set of generators of the algebra Λ
∗(M).
This implies d20 = 0. We proved Claim 7.5.
7.3 Laplace operators with coefficients in a bundle
Let M be a Vaisman manifold, B a holomorphic vector bundle equipped
with a Hermitian form, and
∇ : Λp(M)⊗B −→ Λp+1(M)⊗B
the Chern connection on B. Denote by d0 the weight 1 component of ∇,
taken with respect to the H0-action (see (7.4)). Let ∂0, ∂0 be the (1, 0)- and
(0, 1)-parts of d0, and ∂
∗
0 , ∂
∗
0 the Hermitian adjoint operators.
Proposition 7.6: (Kodaira identities for ∂0, ∂0 with coefficients in a
Hermitian bundle). Let M be a Vaisman manifold, B a Hermitian holomor-
phic bundle and
∂0, ∂0, L0,Λ0 : Λ
∗(M)⊗B −→ Λ∗(M)⊗B
the operators defined above. Then
[Λ0, ∂0] =
√−1 ∂∗0, [L0, ∂0] = −
√−1 ∂∗0 ,
[Λ0, ∂
∗
0] = −
√−1 ∂0, [L0, ∂∗0 ] =
√−1 ∂0.
(7.9)
Proof: The proof of Proposition 7.6 is essentially the same as the proof
of the Kodaira identities with coefficients in a bundle on a Ka¨hler mani-
fold. We deduce Proposition 7.6 from the usual (coefficient-less) Kodaira
identities, proven in Theorem 7.4.
Write the Chern connection in B as
∇ = ∂tr + ∂tr + η + η, (7.10)
where ∂tr + ∂
tr
is the trivial connection fixing the Hermitian structure, and
η ∈ Λ1,0(M) ⊗ EndB a (1,0)-form. Let η0 := Π(η) be the projection of η
to Λ10(M) ⊗ EndB ⊂ Λ1(M) ⊗ EndB. We consider η, η0 as operators on
differential forms. Denote by η∗, η∗0 the Hermitian adjoint operators. Using
the coordinate expression of ω0 given in Proposition 6.1, we find
[Λ0, η0] =
√−1 η∗0, [L0, η0] = −
√−1 η∗0 ,
[Λ0, η
∗
0] = −
√−1 η0, [L0, η∗0 ] =
√−1 η0.
(7.11)
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Adding (7.11) and (7.5) (which holds for the trivial connection ∇tr = ∂tr +
∂
tr
) termwise, we obtain (7.9). This proves Proposition 7.6.
Theorem 7.7: Let M be a Vaisman manifold, B a Hermitian holomor-
phic bundle and
∂0, ∂0, L0,Λ0 : Λ
∗(M)⊗B −→ Λ∗(M)⊗B
the operators defined above. Consider the Laplacians ∆∂0 = ∂0∂
∗
0 + ∂
∗
0∂0,
∆∂0 = ∂0∂
∗
0 + ∂
∗
0∂0. Then
∆∂0 −∆∂0 =
√−1 [ΘB,Λ0], (7.12)
where ΘB : Λ
p(M)−→ Λp+2(M)⊗B is the curvature operator of B.
Proof: Theorem 7.7 is a formal consequence of the Kodaira relations
(7.9) (see e.g. [GH] for a detailed proof).
7.4 Serre’s duality for ∂0-cohomology
Further on, we shall use the following version of Serre’s duality. Since the
operator ∂0 is not elliptic, the ∂0-cohomology can be infinite-dimensional.
Therefore, it is more convenient to state the Serre’s duality as an isomor-
phism of vector spaces.
Theorem 7.8: (Serre’s duality for ∂0-cohomology) LetM be a compact
Vaisman manifold, dimCM = n, B a holomorphic Hermitian bundle, and
K the canonical bundle. Then there exists an isomorphism of the spaces of
∂0-harmonic forms with coefficients in B, B
∗ ⊗K
Hp
∂0
(B) ∼= Hn−p
∂0
(B∗ ⊗K),
where V denotes the complex conjugate vector space to V , that is, the same
real space with the opposite complex structure.
Proof: Consider the Hodge ∗ operator acting on the differential forms
with coefficients in a bundle. Given a ∂0-harmonic form η ∈ Λ0,p(M,B),
the form ∗η is a ∂0-harmonic (n− p, n)-form with coefficients in B∗. This is
clearly the same as ∂0-harmonic (n− p, 0)-form with coefficients in K ⊗B∗.
Taking a complex conjugate, we obtain that ∗η can be considered as a ∂0-
harmonic form with coefficients in B∗ ⊗K. This proves Theorem 7.8.
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8 Vanishing theorems for Vaisman manifolds
8.1 Vanishing theorem for the differential ∂0
As one does in the proof of Kodaira-Nakano-type vanishing theorem, the
Kodaira relations (7.12) can be used to obtain various vanishing results for
∂0-cohomology of holomorphic vector bundles. We do not need the whole
spectrum of vanishing theorems in this paper; they can be stated and proven
in the same way as the usual vanishing theorems. For our present purposes,
we need only the following result.
Theorem 8.1: Let M be a compact Vaisman manifold, that is, an
LCK manifold with parallel Lee form θ, and V a positive tensor power
of the weight bundle (Definition 2.4), equipped with a Hermitian struc-
ture as in Subsection 6.3. Consider the ω0-differential ∂0 : Λ
0,p(M) ⊗
V −→ Λ0,p+1(M)⊗ V associated with the Chern connection in V (see Sub-
section 7.3), and let η ∈ Λ0,p(M)⊗V be a non-zero ∂0-harmonic form. Then
p > dimCM − 1. Moreover, if p = dimCM − 1, then η y θ♯ = 0, where θ♯ is
the vector field dual to θ.
Remark 8.2: An elementary linear-algebraic argument implies that all
(n− 1, 0)-forms satisfying η y θ♯ = 0 are proportional to L y θ♯, where L is a
non-degenerate (n, 0)-form on M .
Proof of Theorem 8.1: By Theorem 7.7, we have
∆∂0 −∆∂0 =
√−1 [ΘV ,Λ0],
where ΘV is the curvature operator of V . By Theorem 6.7,
√−1ΘV = cω0,
c > 0. Therefore,
∆∂0 = ∆∂0 + cH0, (8.1)
where H0 = [L0,Λ0]. By (7.2), H0 is positive definite on (r, 0)-forms for r <
n−1. By (8.1), the Laplace operator ∆∂0 is a sum of a positive semidefinite
operator ∆∂0 and positive definite cH0. Therefore, all eigenvalues of ∆∂0
are strictly positive, and there are no harmonic (r, 0)-forms r < n− 1.
Similarly, H0 is positive semidefinite on (n − 1, 0)-forms, and its only
zero eigenvalue corresponds to the form
ν = ξ1 ∧ ξ2 ∧ ... ∧ ξn−1.
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(we use the notation of Proposition 6.1 here). Therefore, if ∆∂0(η) = 0,
then ∆∂0(η) = 0 and H0(η) = 0, and η is proportional to ν. We proved
Theorem 8.1.
8.2 Basic cohomology
To be able to use the vanishing theorem obtained above, we need a way
to compare the cohomology of ∂0 and the Dolbeault cohomology. This
comparison is obtained from the results of K. Tsukada ([Ts1]).
Let M be a manifold equipped with a foliation Ξ. A form η is called
basic if for all vector fields v ∈ Ξ, we have η y v = 0,Liev η = 0. Locally,
such forms are lifted from the space of leaves of Ξ, if this space is defined.
Clearly, dη is basic if η is basic. The de Rham cohomology of basic forms is
called the basic cohomology of the foliation Ξ ([To], [NT]).
Given a holomorphic foliation on a complex manifold, we cal also define
the basic Dolbeault cohomology, as the cohomology of the differential ∂ on
the basic forms. Clearly, on basic forms, the differential ∂ is equal to the
differential ∂0 defined above.
Theorem 8.3: Let M be an n-dimensional compact Vaisman manifold,
and η a (p, q)-form, with p + q 6 n − 1. Denote by θ0,1 the (0, 1)-part of
the Lee form, and let Λ0 be the Hodge operator associated with the form
ω0 (Subsection 7.2). Then the following conditions are equivalent.
(i) The form η is ∂-harmonic: ∂∂
∗
η + ∂
∗
∂η = 0.
(ii) η has a decomposition η = θ0,1 ∧ α + β, where α, β are basic forms
of the canonical foliation Ξ which are ∂0-harmonic and satisfy Λ0α =
Λ0β = 0.
Proof: This is [Ts1], Theorem 3.2.
8.3 The cohomology of the structure sheaf
The vanishing result of Subsection 8.1 can be used to prove the following
theorem.
Theorem 8.4: Let M be a compact Vaisman manifold, such that the
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canonical bundle K(M) is a negative power of the weight bundle1. Then
the holomorphic cohomology of the structure sheaf satisfy H i(OM ) = 0 for
i > 1, dimH1(OM ) = 1.
Proof: Theorem 8.4 is a consequence of Theorem 8.1 and Theorem 8.3.
Indeed, Theorem 8.3 implies that to prove that H i(OM ) = 0 for i > 1,
dimH1(OM ) = 1, it suffices to show that all basic ∂-harmonic (0, p)-forms
vanish, for p > 0. A basic form is ∂-harmonic if and only if it is ∂0-harmonic.
By Serre’s duality,
Hp
∂0
(OM ) ∼= Hn−p∂0 (K),
(Theorem 7.8). By Theorem 8.1, Hn−p
∂0
(K) = 0 for p > 1, and for p = 1 all
non-trivial classes η ∈ Hn−p
∂0
(K) satisfy η y θ0,1
♯
= 0. Applying the Serre’s
duality again, we obtain that any ∂0-harmonic (0, p)-form η1 ∈ Hp
∂0
(OM )
vanishes for p > 1, and for p = 1, η1 is proportional to θ
0,1. Therefore, for
p = 1, η cannot be basic, and we obtain that there are no non-trivial basic
∂-harmonic (0, p)-forms. This proves Theorem 8.4.
A similar theorem was obtained in [AI] using an estimate of Ricci cur-
vature.
9 Holomorphic forms on Einstein-Weyl LCK man-
ifolds
In this Section, we prove that all holomorphic (p, 0)-forms on a compact
Einstein-Weyl LCK manifold vanish, for p > 0.
9.1 The ω0-Yang-Mills bundles
Let M be a Vaisman manifold, that is, an LCK manifold with parallel Lee
form θ, and ω0 = d
c(θ) the standard 2-form (Section 6). For our purposes,
ω0 plays the role of a Ka¨hler form onM . It is natural to study the Yang-Mills
geometry associated with ω0.
Definition 9.1: In the above assumptions, let B be a holomorphic Her-
mitian bundle equipped with the standard (Chern) connection, ΘB its cur-
1By Proposition 5.6, this holds for all Einstein-Weyl manifolds. Hence, any LCHK
manifold satisfies this assumption.
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vature, and Λ0 : Λ
p(M)−→ Λp−2(M) the Hodge-type operator associated
with ω0 (see Subsection 7.2). We say that B is ω0-Yang-Mills if
Λ0(ΘB) = −c
√−1 IdB , (9.1)
where IdB is the identity section of End(B), and c a constant. We call c
the Yang-Mills constant of B.
The ω0-Yang-Mills bundles satisfy the same elementary properties as the
usual Yang-Mills bundles. In particular, any tensor power of ω0-Yang-Mills
bundles is again ω0-Yang-Mills. The following theorem provides us with an
example of a ω0-Yang-Mills bundle.
Proposition 9.2: LetM be an Einstein-Weyl LCK manifold with paral-
lel Lee form.1 Consider the tangent bundle TM as a holomorphic Hermitian
bundle. Then TM is ω0-Yang-Mills, with positive Yang-Mills constant.
Proof: Let ∇W be the Weyl connection on TM , and ∇C the Chern
connection. By definition, ∇0,1W = ∇0,1C . Consider the weight bundle (L,∇L)
on M . Since TM is equipped with a metric with values in L⊗2, the nat-
ural connection ∇W,L on TM ⊗ (L∗)⊗2 induced by ∇W , ∇L, is Hermitian.
Therefore, it is a Chern connection on the holomorphic Hermitian vector
bundle TM ⊗ L⊗2.
Since ∇L is flat, we have ∇2W,L = ∇2W . The Chern connection on TM ⊗
(L∗)⊗2 is obtained as a tensor product of the Chern connection on TM and
that on L. We obtain
∇2W = ∇2W,L = ∇2C − 2C,
where C = −2√−1 ω0 is the curvature of the Chern connection on L (see
Theorem 6.7). This gives
∇2C = 2C +∇2W .
Since Λ0(C) is a constant, to prove Proposition 9.2 it remains to show that
Λ0(ΘW ) = 0, (9.2)
where ΘW ∈ Λ2(M)⊗ End(TM) is the curvature of the Weyl connection.
1By Theorem 5.2, a compact Einstein-Weyl LCK manifold with the Gauduchon metric
has parallel Lee form.
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The following lemma is clear.
Lemma 9.3: Let M be an Einstein-Weyl LCK manifold equipped with
a Gauduchon metric and ω the Hermitian form on M . Denote by Λω :
Λp(M)−→ Λp−2(M) the Hermitian adjoint operator to η −→ η ∧ ω. Then
Λω(ΘW ) = 0.
Proof: Let M˜ be the universal covering of M , and rg the Calabi-Yau
metric on M˜ . The form ΘW is the curvature of the Levi-Civita connection
of the Ka¨hler metric on M˜ . Therefore, TM is Yang-Mills with respect to
this metric, and ΘW is orthogonal to the Ka¨hler form rω. This implies that
ΘW is orthogonal to ω. We obtain Λω(ΘW ) = 0.
Return to the proof of Proposition 9.2. By Lemma 9.3, we have
Λω(ΘW ) = 0,
and we need to show
Λ0(ΘW ) = 0.
By Proposition 6.1, we have
ΛωΘW − Λ0ΘW = ΘW (θ♯, I(θ♯)).
Therefore, to prove ΛωΘW = Λ0ΘW = 0, we need to show that the curvature
ΘW restricted to the canonical foliation Ξ vanishes. The following lemma
finishes the proof of Proposition 9.2.
Lemma 9.4: Let M be a Vaisman manifold, Ξ ⊂ TM the canonical
foliation, and ∇ the Weyl connection. Then ∇ is flat on the leaves of Ξ.
Proof: Using (4.1) and ∇gθ♯ = 0, we obtain
∇Xθ♯ = X, (9.3)
for all vector fields X ∈ TM . Therefore,
∇X∇Y θ♯ = ∇XY −∇YX − [X,Y ] = 0.
We find that ΘW (X,Y, θ
♯) = 0 for all X,Y ∈ TM . Using the symmetries
of a curvature tensor, we obtain that ΘW (X, θ
♯, Y ) = 0 identically. This
proves Lemma 9.4. Proposition 9.2 is proven.
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9.2 Vanishing theorem for negative bundles
In this Subsection we present another vanishing theorem based on Theorem 7.7.
More general results are possible, in line with the standard vanishing theo-
rems in algebraic geometry.
Theorem 9.5: LetM be a compact Vaisman manifold, B a holomorphic
Hermitian bundle and ΘB ∈ Λ1,1(M)⊗End(B) its curvature. Consider the
ω0-Hodge operator
Λ0 : Λ
1,1(M)⊗ End(B)−→ End(B)
(Subsection 7.2). Assume that the self-adjoint operator
√−1 Λ0(ΘB) is
strictly negative everywhere in M . Then B has no non-zero holomorphic
sections.
Proof: Let β ∈ B be a holomorphic section of B. Then ∇0,1(β) = 0.
From the definition of ∂0, we obtain that ∂0β = 0. Clearly, ∂
∗
0β = 0 as well.
Therefore, β is ∂0-harmonic. From the equality (7.12), we find immediately
that (√−1 Λ0ΘB(β), β
)
> 0.
This is impossible, because the operator
√−1 Λ0(ΘB) is strictly negative.
Corollary 9.6: Let M be a compact Vaisman manifold, not Kaehler,
and B a ω0-Yang-Mills bundle with negative Yang-Mills constant. Then B
has no global holomorphic sections.
Proof: Follows immediately from Theorem 9.5.
9.3 Vanishing for holomorphic forms
The main result of this section is the following theorem.
Theorem 9.7: Let M be a compact Einstein-Weyl LCK manifold. As-
sume that M is not Ka¨hler. Then all holomorphic p-forms on M vanish, for
all p > 0.
Proof: Follows from Proposition 9.2 and Corollary 9.6.
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A similar theorem was obtained in [AI] using an estimate of Ricci cur-
vature.
This result has the following topological implications.
Theorem 9.8: Let M be a compact Einstein-Weyl LCK manifold. As-
sume that M is not Ka¨hler. Then the first Betti number of M is 1:
h1(M) = 1.
Proof: Consider the Dolbeault spectral sequence Ep,qr associated with
M . Then Ep,q2 = H
q(Ωp(M)). By Theorem 9.7, we have H0(Ω1(M)) = 0,
by Theorem 8.4, we have H1(Ω0(M)) = C. Since the Dolbeault spectral
sequence converges to de Rham cohomology, we obtain that
h1(M) 6 dimH0(Ω1(M)) + dimH1(Ω0(M)) = 1.
It remains to prove that h1(M) 6= 0. The monodromy of the weight bundle
lies in R>0, hence it is abelian and torsion-free. If h1(M) = 0, the weight
bundle has trivial monodromy. By Claim 2.8, an LCK manifold with trivial
weight bundle is Ka¨hler. Since M is not Kaehler, we have h1(M) > 0. This
proves Theorem 9.8.
A similar theorem was obtained in [AI] using an estimate of Ricci cur-
vature.
10 Sasakian geometry: an introduction
Sasakian manifolds were introduced by S. Sasaki ([Sa]). In this Section
we reproduce the definition and some basic results on 1-Sasakian and 3-
Sasakian manifolds. For a survey and reference of Sasakian geometry, the
reader should consult [BG1]
Definition 10.1: Let (X, g) be a Riemannian manifold. A cone of X
is a Riemannian manifold C(X) := (X × R>0, dt2 + t2g), where t is the
parameter on R>0. For any λ ∈ R>0, the map
τλ : C(X)−→ C(X), (x, t) −→ (x, λt)
multiplies the metric by λ2.
Definition 10.2: Let X be a Riemannian manifold. A 1-Sasakian struc-
ture in X is a complex structure on C(X) satisfying the following
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(i) The metric on C(X) is Ka¨hler
(ii) The map τλ : C(X)−→ C(X) is holomorphic, for all λ ∈ R>0.
A 3-Sasakian structure on X is a hypercomplex strucure on C(X) such that
(i) The metric on C(X) is hyperka¨hler
(ii) The map τλ : C(X)−→ C(X) is compatible with the hypercomplex
structure, for all λ ∈ R>0.
Remark 10.3: A 3-Sasakian manifold is equipped with a 1-Sasakian
structure, for any quaternion L ∈ H, L2 = −1.
One can define 1-Sasakian and 3-Sasakian structures in terms of vector
fields I(dt♯) ∈ TX and I(dt♯), J(dt♯), K(dt♯) ∈ TX, and the associated
contact structures (see [BG1]). Historically, these manifolds were defined in
this fashion. The Sasakian geometry relates to contact geometry in exactly
the same way as Ka¨hler geometry is related to symplectic geometry.
Definition 10.4: Let X be a 1-Sasakian manifold, such that the Rie-
mannian metric on X satisfies Einstein equation. Then X is called Sasa-
kian-Einstein.
Sasakian-Einstein manifolds can be characterized in terms of their cones,
as follows.
Proposition 10.5: Let X be a 1-Sasakian manifold, dimRX = 2n+ 1.
Then X is Sasakian-Einstein if and only if its cone is Ricci-flat. In this case
the Einstein constant of X is equal to 2n.
Proof: See e.g. [BG1], Proposition 1.1.9.
Remark 10.6: A cone of a 3-Sasakian manifold is hyperka¨hler, hence
Ricci-flat. Therefore, a 3-Sasakian manifold is always Einstein.
Remark 10.7: By Myers’ theorem, a complete Einstein manifold with
positive Einstein constant is compact and has finite fundamental group.
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11 Vaisman manifolds with h1(M) = 1 and Sasa-
kian geometry
11.1 Vaisman manifolds with exact Lee form
Vaisman manifolds are intimately related to Sasakian geometry, as the fol-
lowing proposition shows.
Proposition 11.1: ([KO], [GOP]) Let M be a Vaisman manifold, that
is, an LCK manifold with a parallel Lee form θ. Assume that θ 6= 0 and
θ is exact: θ = dζ. Assume, moreover, that the Gauduchon metric on M
is complete. Consider the function ζ as a map ζ : M −→ R. Then M is
isometric to a product X × R, where X a complete 1-Sasakian manifold,
with the projection to M = X × R−→ R given by ζ. Moreover, if M is
LCHK, then X is naturally a 3-Sasakian manifold.
Proof: Consider the vector field θ♯ dual to θ. By definition, θ♯ is a
parallel vector field on M , and θ♯ is equal to the gradient of ζ. Therefore,
the gradient flow Φλ associated with ζ is an isometry. The map Φλ is well
defined because M is complete. Beind a gradient flow, Φλ commutes with
ζ:
ζ(Φλ(x)) = λ+ ζ(x). (11.1)
Therefore, Φλ induces an isometry on the fibers of ζ(x). Denote by X the
fiber ζ−1(0). Let R : X × R−→M map (t, x) into Φt(x). Clearly, R is
an isometry. Denote the Riemannian metric on M by g. By Claim 4.3, the
metric e2tg is Ka¨hler. After a reparametrization t−→ et, we obtain that the
metric (e2tg, (det)2) is the cone metric on M = X × R>0. Therefore, X is
1-Sasakian. If M is LCHK, then C(X) is hyperka¨hler (Claim 2.10), hence
X is 3-Sasakian.
Remark 11.2: A covering of a compact manifold is complete. Therefore,
Proposition 11.1 holds for a covering M˜ of any compact Vaisman manifold,
if M˜ has exact Lee form.
11.2 Structure theorem for Vaisman manifolds with the first
Betti number 1
It is possible to classify the Vaisman manifolds with the first Betti number
1, in terms of 1-Sasakian geometry, as follows.
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Let X be a 1-Sasakian manifold, and C(X) its cone. Given a number q ∈
R, q > 1, consider an equivalence relation ∼q on C(X) = X×R>0 generated
by (x, t) ∼ (x, qt). Since the map (x, t)−→ (x, qt) mupltiplies the metric by
q2, the quotient M = C(X)/ ∼q is an LCK manifold. Moreover, M is a
Vaisman manifold, with the Gauduchon metric provided by an isomorphism
M ∼= X × S1.
This construction can be generalized as follows. Let ϕ : X −→X be
an automorphism of a Sasakian structure. The map (x, t)
ϕq−→ (ϕ(x), qt)
is compatible with the complex structure and multiplies the metric by q2.
Therefore, the quotient Mϕ,q of C(X) by the corresponding equivalence
relation ∼ϕ,q is an LCKmanifold. The following theorem is quite elementary.
Theorem 11.3: (Structure theorem for Vaisman manifolds with the first
Betti number 1). Let X be a compact 1-Sasakian manifold, ϕ : X −→X a
1-Sasakian automorphism, and Mϕ,q an LCK manifold constructed above.
Then Mϕ,q is a Vaisman manifold satisfying the following conditions.
(i) h1(Mϕ,q) = 1⇔ h1(X) = 0
(ii) The 1-Sasakian manifold X, together with the automorphism ϕ, is
uniquely (up to a scaling) determined by the LCK structure on Mϕ,q.
(iii) Any compact Vaisman manifold M , h1(M) = 1 can be constructed
this way.
Remark 11.4: In [GOP], it was shown thatMϕ,q is a Vaisman manifold
(Proposition 7.4).
Proof of Theorem 11.3: To show that Mϕ,q is a Vaisman manifold,
consider the map Id× log : C(X)−→X × R, (x, t)−→ (x, log t). Let g˜ be
the product metric on X × R pulled back to C(X). The map ϕq induces
an isometry, hence g˜ corresponds to a metric g on Mϕ,q. By construction,
g belongs to the same conformal class as the LCK structure on Mϕ,q. An
elementary computation shows that ∇(g˜) = g⊗dt, where t is the parameter
on X ×R corresponding to the second component. Therefore, the Lee form
of g is parallel.
To find H1(Mϕ,q), consider the natural projection r : C(X)−→ R>0,
and let ζ = log r. The map ζ sends the points
(x, t) ∼ϕ,q (x′, t′)
to
log t, log t+ k log q, k ∈ Z.
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Therefore, ζ induces a map ζq : Mϕ,q −→ R/(log q)Z from Mϕ,q to a circle.
By construction, dζq = θ, where θ is the Lee form. Therefore,
ζq : Mϕ,q −→ S1 (11.2)
is a smooth fibration, with the fiber X.
Consider the Serre’s spectral sequence Ep,qr for the fibration (11.2). Since
H i(S1) = 0 for i > 0, the spectral sequence Ep,qr degenerates in E2. There-
fore,
h1(Mϕ,q)) = h
1(S1) + h1(X) = h1(X) + 1 (11.3)
This proves Theorem 11.3 (i).
To recover (X,ϕ) from the LCK structure on M =Mϕ,q, notice that the
Gauduchon metric on M is unique, hence the form θ is determined uniquely
from the LCK geometry. Applying Proposition 11.1 to M˜ = C(X), we
reconstruct the 1-Sasakian structure on X, together with an isomorpism
M˜ ∼= C(X). The deck transform of M˜ induces an automorphism ϕ of X.
This allows one to recover (X,ϕ) from the LCK structure on M .
It remains to prove Theorem 11.3 (iii).
Let M be a compact Vaisman manifold, h1(M) = 1, L its weight bundle
and M˜ the covering associated with the monodromy group G of L. Since
h1(M) = 1, M is non-Ka¨hler, hence L is non-trivial. The monodromy group
G is naturally a subgroup of R>0. Therefore G is torsion-free and abelian.
Since h1(M) = 1, G = Z.
We find that M = M˜/Z. Let ζ : M˜ −→ R be the function satisfying
dζ = θ. By Proposition 11.1, M˜ = X × R, where X is a complete 1-
Sasakian manifold, and the projection to the second component given by ζ.
Fix a point x0 ∈ M˜ . Given y ∈ M˜ and a path γ from x0 to y, we have
ζ(x0)− ζ(y) =
∫
γ
θ (11.4)
by the Stoke’s formula. Let γ0 be the generator of the monodromy group
of L and w the integral w :=
∫
γ0
θ. Denote by R : M˜ −→ M˜ be the
monodromy transfrorm of M˜ associated with γ0 ∈ G. Using an isomorphism
M˜ = X × R and (11.4), we obtain that R maps (x, t) to (x1, t + w). This
gives a map ϕ : X −→X, x−→ x1. Clearly, M = C(X)/ ∼ϕ,ew . This
proves Theorem 11.3 (iii).
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11.3 Structure theorem for Einstein-Weyl LCK and LCHK
manifolds
Comparing Theorem 9.8 and Theorem 11.3, we immediately obtain the fol-
lowing structure theorems.
Theorem 11.5: Let M be a compact Einstein-Weyl LCK manifold
which is not Ka¨hler. Then there exists an Einstein Sasakian manifold X
and a Sasakian automorphism ϕ : X −→X such that M ∼= C(X)/ ∼ϕ,q,
for some q ∈ R, q > 1, where ∼ϕ,q is an equivalence relation generated by
(x, t) ∼ϕ,q (ϕ(x), qt). Moreover, the manifold X and an automorphism ϕ
are determined uniquely from the LCK structure on M , up to a rescaling of
a metric on X.
Proof: By Proposition 11.1 the covering M˜ is isomorphic to C(X),
for a 1-Sasakian manifold X. By Claim 5.4, C(X) is equipped with a
Ricci-flat Ka¨hler metric. By Proposition 10.5, X is Sasakian-Einstein. By
Theorem 9.8, h1(M) = 1. By Theorem 11.3, M ∼= C(X)/ ∼ϕ,q and X,ϕ are
determined uniquely.
Theorem 11.6: Let M be a compact LCHK manifold which is not hy-
perka¨hler. Then there exists a 3-Sasakian manifoldX and a 3-Sasakian auto-
morphism ϕ : X −→X such that M ∼= C(X)/ ∼ϕ,q, for some q ∈ R, q > 1,
where ∼ϕ,q is an equivalence relation generated by (x, t) ∼ϕ,q (ϕ(x), qt).
Moreover, the manifold X and an automorphism ϕ are determined uniquely
from the LCHK structure on M , up to a rescaling of a metric on X.
Proof: SinceM is LCHK, it is an Einstein-Weyl manifold. By Theorem 9.8,
h1(M) = 1. By Theorem 11.3, M ∼= C(X)/ ∼ϕ,q and X,ϕ are determined
uniquely. The covering M˜ ∼= C(X) is by definition hyperka¨hler, hence X is
3-Sasakian.
11.4 Quasiregular LCHK manifolds
Definition 11.7: LetM be a Vaisman manifold, and θ♯ the vector field dual
to the Lee form θ. Consider the flow Φt associated with θ
♯. The manifoldM
is called quasiregular if for all compact sets K ⊂M and all points x ∈M ,
the intersection of the orbit
Vx = {Φt(x), t ∈ R}
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with K is compact. In other words, M is quasiregular if the set Vx does not
have concentration points outside itself, for all x ∈M .
Given an LCHK manifoldM , one can construct a number of foliations on
M , similar to the canonical foliation Ξ. The leaf space of these foliations will
be an orbifold if M is quasiregular. This way, we can reduce a quasiregular
LCHK manifold to
(a) A 3-Sasakian orbifold (by taking a leaf space of the real 1-dimensional
foliation generated by θ♯).
(b) An holomorphic contact Ka¨hler-Einstein orbifold (by taking a leaf space
of Ξ)
(c) A quaternionic Ka¨hler orbifold (by taking a leaf space of the real 4-
dimensional foliation generated by θ♯, I(θ♯), J(θ♯) K(θ♯)).
For details of these constructions and further results see [Or], [OP].
Using the structure theorem (Theorem 11.6), it is possible to determine
the class of quasiregular LCHK manifolds in terms of 3-Sasakian fibrations.
The following claim is clear.
Claim 11.8: Let M be a compact LCHK manifold, obtained as in
Theorem 11.6 from a 3-Sasakian manifold X and a 3-Sasakian automor-
phism ϕ : X −→X. Then M is quasiregular if and only if ϕ is a finite
order automorphism.
12 Appendix A. h1(M) = 1 for Einstein-Weyl LCK
manifolds
In this Appendix, we give a direct proof of a version of Theorem 9.8.
Let M be a complete Vaisman manifold, and M˜ the covering associated
with the monodromy of the weight bundle. Then M˜ = C(X), for a complete
1-Sasakian manifold X (Proposition 11.1). Whenever M is Einstein-Weyl,
the manifold X becomes Sasakian-Einstein (this is implied immediately by
Claim 5.4, Proposition 10.5). By Myers’ Theorem (Remark 10.7), then, X
is compact, and pi1(X) is finite. Therefore, the following theorem implies
Theorem 9.8.
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Theorem 12.1: Let M be a compact Vaisman manifold, and M˜ its
covering associated with the monodromy G of the weight bundle. We have
M˜ ∼= C(X), for some 1-Sasakian manifold X (Proposition 11.1). Assume
that X is compact and h1(X) = 0. Then h1(M) = 1.
Proof: By definition, M = M˜/G. Let ζ : M˜ −→ R be a function such
that dζ = θ. Denote by χ : G−→ R is the group homomorphism γ −→ ∫
γ
θ.
It is easy to check that this map is a logarithm of the monodromy map
G−→ R>0. By (11.4), the monodromy acts in such a way that for all γ ∈ G
we have
ζ(γx) = χ(γ) + ζ(x). (12.1)
Since G is the monodromy of L, the map χ is a monomorphism. Now,
either G = Z, and in this case M is fibered over a circle with fibers X,
hence h1(M) = h1(X) + 1 = 1 (see (11.3)); or χ(G) is dense in R. To prove
Theorem 12.1 it remains to show that χ(G) cannot be dense.
Consider an interval [0, 1] ⊂ R, and let M˜0 := ζ−1([0, 1]) be the corre-
sponding subset in M˜ . Clearly M˜0 = X × [0, 1] is compact. Given a point
x ∈ M˜ , ζ(x) = 0, let Gx denote its orbit with respect to the monodromy
action. By (12.1), Gx meets M˜0 for all γ ∈ G such that χ(γ) ∈ [0, 1]. If
χ(G) is dense, this set is infinite. We obtain that Gx∩ M˜0 is infinite. Since
this set is compact, Gx has concentration points. This is clearly impossible,
because M˜ −→ M˜/G is a covering. Therefore, χ(G) cannot be dense. We
proved Theorem 12.1.
13 Appendix B. Counterexamples
For a general Vaisman manifold (without the Einstein-Weyl assumption),
Theorem 9.7 and Theorem 9.8 are false, as the following example shows.
Let S be an elliptic curve and B a negative holomorphic line bundle.
Assume that B is equipped with a Hermitian metric in such a way that the
corresponding Chern connection has curvature
ΘB = c
√−1 ω, (13.1)
where c > 0 is a positive constant, and ω the Ka¨hler form of S. Consider
the function r : TotB −→ R, v −→ |v|2. Using (13.1), it is easy to check
that r is a Ka¨hler potential on TotB (see [Bes, (15.19)]). Let
X := {v ∈ TotB | |v|2 = 1}
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be the circle bundle over S corresponding to B. Denote by Tot0(B) the
space of non-zero vectors in B. Then, Tot0(B) ∼= C(X). Since Tot0(B) is
Ka¨hler, X is 1-Sasakian.
Considering X as a circle bundle over S and using the Serre’s spectral
sequence, we find that h1(X) = 2.
Fix q ∈ R>1. LetM = Tot0(B)/ ∼q, where ∼q is the equivalence relation
generated by v ∼ qv. Clearly, M is an LCK manifold. Using the product
metric on M ∼= X × S1, we find that M is actually a Vaisman manifold.
By (11.3), h1(M) = h1(X) + 1 = 3. This gives a counterexample to
Theorem 9.8 (without the Einstein-Weyl assumption).
The manifold M is equipped with a natural holomorphic projection
pi M −→ S. Clearly, S admits a non-trivial holomorphic 1-form. Lifting
this form to M , we obtain a non-trivial holomorphic form on a Vaisman
manifold. Therefore, for Theorem 9.7, the Einstein-Weyl assumption is also
essential.
This example appears (in another language) in [V1], under the name of
induced Hopf bundle.
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